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Task. Order-k Markov chains with two priors

fixed prior
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Independent prior
every context on its own: , i.i.d.

no intermediate (suffix) layer

highlighted: same recent token , yet uncorrelated

Hierarchical prior
child centred on its suffix parent: 

highlighted siblings share parent , so laws are correlated

ORDER 0 · BASE

ORDER 1 · PARENTS

ORDER 2 · CHILDREN

same recent token

one family

1. Sample 𝝅 from the prior (in-context latent transition rule)

2. Sample 𝑥𝑡 ∼ Categorical(𝝅𝑢𝑡−1
)

where 𝑢𝑡−1 = (𝑥𝑡−𝑘, …, 𝑥𝑡−1) is the order-𝑘 context

3. Predict the next token 𝑥𝑇+1 from the history 𝑥1, …, 𝑥𝑇

MLE. 𝑝(𝑚 | 𝑢) = 𝑁𝑢(𝑚)
𝑁𝑢

pure counting; zero mass on unseen contexts

Add-𝛼. 𝑝(𝑚 | 𝑢) = 𝛼𝑚+𝑁𝑢(𝑚)
∑𝑗 𝛼𝑗+𝑁𝑢

adds pseudo-counts; Bayes-optimal for the ind. prior

Notation: 𝑁𝑢(𝑚) = # times 𝑚 follows 𝑢; 𝑁𝑢 = ∑𝑗 𝑁𝑢(𝑗).

Mechanism. Two-layer induction circuit

1 INPUT SEQUENCE

… … … …

2 LAYER 1 · COPYING — k=2 hard-attention heads build  at every 

—

—

… … … …

3 LAYER 2 · SOFT MATCHING — compare query  to each candidate 
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4 ATTENTION FROM QUERY — hard attention counting vs soft context matching

Hard attention counting  · exact match only

… … … …

Soft context matching finite  · weight  for every overlap

… … … …

… … … …

5 IMPLEMENTED ESTIMATOR — convex combination of n-gram estimators
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A learnable convex combination of four estimators: exact bigram, partial, unconditional, and a uniform

Dirichlet prior (added only with BOS) — similar to Jelinek–Mercer-style smoothing.
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Disentangled transformer ≡ standard attention-only transformer (Nichani et al., 2024).

Pattern 𝑀  contributes ∝ 𝑁𝑀(𝑚) 𝑒|𝜷|𝑀  toward predicting 𝑚
𝜅 term is exception (BOS only): an always-present context contributing pseudo-mass 𝑒𝜅/ |𝑉 |

𝑁𝑀(𝑚) = |{𝑠 < 𝑇 : {𝑖 ∈ [𝑘] : (𝑢𝑠)𝑖 = (𝑢𝑇 )𝑖} = 𝑀, 𝑥𝑠 = 𝑚}|; matches 𝑢𝑇  exactly on 𝑀

|𝜷|𝑀  = ∑𝑖∈𝑀 𝛽𝑖; free parameters 𝜷 = (𝛽1, …, 𝛽𝑘) ∈ ℝ𝑘 (figure illustrates uniform-𝛽 case)
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Induction heads don’t just count;

they also regularize like

classical n-gram estimators:

1 Implement add-𝛼 smoothing
via the BOS token

2 Interpolate n-grams like Jelinek–Mercer
via soft attention over partial matches

3 Execute a smoothed version of Katz back-off
via sequence-adaptive mixture weights

Theory. n-gram mixture interpretation

The transformer estimator ≡ a hierarchical n-gram mixture:

1. Choose an order 𝑖 ∈ {0, …, 𝑘} with weight 𝜆𝑖 ∝ 𝛾𝑖𝐾𝑖

2. Choose a size-𝑖 pattern 𝑀  with weight 𝜆𝑀 ∝ 𝐾𝑀

3. Predict with pattern model 𝑞𝑀(𝑚) = 𝐾𝑀(𝑚)/𝐾𝑀

𝛾 = 𝑒𝛽 − 1; interpolation scale (assumes uniform 𝛽)

𝐾𝑀(𝑚) = |{𝑠 < 𝑇 : {𝑖 ∈ [𝑘] : (𝑢𝑠)𝑖 = (𝑢𝑇 )𝑖} ⊇ 𝑀, 𝑥𝑠 = 𝑚}|; matches 𝑢𝑇  at least on 𝑀
𝐾𝑀  = ∑𝑚∈𝑉 𝐾𝑀(𝑚); total count for pattern 𝑀 𝐾𝑖 = ∑|𝑀|=𝑖 𝐾𝑀 ; total count at order 𝑖

Recovers Jelinek–Mercer smoothing with data-dependent weights:

Weights. JM fixes 𝜆𝑖 globally; the transformer sets them per-sequence.

Per-order. JM uses only contiguous suffixes; the transformer averages over all size-𝑖 patterns.

Back-off. Automatic: 𝐾[𝑘] = 0 shifts mass to lower-order components.

Experiments. Training recovers the circuit
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Performance — KL divergence under independent (no BOS / BOS) and hierarchical priors.
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no match |M| = 1 full match (|M| = 2) BOS
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Mechanism (hierarchical) — Left: Layer 1 heads 1 and 2 (lags 1 and 2), and Layer 2 (matching).
Right: Layer 2 weights (top) and final-position attention by context overlap (bottom).


